
NONPARAMETRIC SURVEY RESPONSE ERRORS

Rosa L. Matzkin∗

Department of Economics

Northwestern University

October 2005

Abstract

We present nonparametric methods to identify and estimate the biases associated with

response errors. When applied to survey data, these methods can be used to correct for those

biases, analyze how observable characteristics of the respondent and the design of the survey

affect the biases, and to design better surveys. We consider cases where the distribution

of the true response is known as well as cases where this distribution is unknown. In each

case, we allow the response to be influenced by characteristics of the respondent and of the

design of the survey. Several cases of statistical dependence between the true response and

the observable characteristics are considered.
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1. Introduction

Surveys have been extensively used in economics, marketing, sociology, and political science,

among other fields. They provide a quick and relatively inexpensive method for gathering

data on individuals. Some of this data might be impossible to get through any other way.

In surveys, a representative sample of individuals is asked, either verbally or in written form,

to respond to a series of questions. These may include questions about factual aspects

of the respondent’s life, such as age, gender, and marital status; hypothetical questions,

such as what the respondent would do in a future situation; or opinions such as approval or

disapproval of some government action.

As with any other method, surveys have their own drawbacks. Survey responses are

typically plagued by response errors. (Battistin (2003), Bound and Krueger (1991), Mc-

Fadden, Schwarz and Winter (2004), Philipson (1997, 2001), Poterba and Summers (1986),

Schwarz, Hippler, Deutsch, and Strack (1985), Tourangeau, Rips and Rasinski (2000), and

the references in Bound, Brown, and Mathiowetz (2001) are some of the works that provide

strong evidence for the existence of response errors.) Respondents may have faulty memories,

might not interpret a question correctly, or they might be concerned about confidentiality

and therefore provide only "socially acceptable" responses, for example. The way in which

questions are made and the sequence in which they are made are also well known to affect

responses. All these produce biases in the response, which if not dealt with, invalidate the

conclusions obtained from survey data.

In this paper, we develop several nonparametric methods to deal with the identification

and estimation of survey response errors. The methods will allow one to identify the form

of and to measure the noise generated from different sources. Hence, these methods can then
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be used to (i) predict biases, due to response errors, in new surveys for either the same or a

new population of respondents, (ii) "undo" the biases due to response errors, by using the

measured errors, and (iii) design surveys in a way that will decrease survey response errors.

One of the methodologies that is commonly used as a first step when analyzing response

errors uses descriptive tools to analyze the relationship between responses and a few observ-

able variables. This analysis may look at how the average response to some question varies

as the value of some observable characteristics, either of the respondents or of the survey,

change. For example, one may ask respondents about their life expectancy and see how

the average response changes across different age groups. This "nonparametric, reduced

form" analysis is typically used to provide evidence about the existence of some particular

effect. It is useful to uncover relationships among a few observable variables and to make

simple predictions. However, it can seldom be used to predict what will happen in a new

situation, such as when the values of other variables change. A more structural model is typ-

ically needed if one wants to measure the relationships, incorporate unobservable variables,

model the interaction among different errors, and analyze and measure the effect of different

characteristics of the survey design.

Another commonly used structural approach proceeds by specifying functions and distri-

butions as known, up to a few parameters. For example, in a yes or no answer, this approach

would proceed by first specifying that a particular individual will answer yes if the value of

an unobservable variable is above some threshold; where the value of this variable is a linear

function of some observable and unobservable characteristics of the respondent. Using data

on each individual’s responses and observable characteristics, this method provides numbers

for the coefficients of the linear function, which could then be used to analyze, predict, and
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correct errors in the response of individuals. This "parametric, structural form" analysis has

been typically used to measure the effect of a variable in a certain response, while controlling

for other variables that may also affect this response, and to uncover the distributions of

relevant unobservable variables (See, for example, Hurd, McFadden, et al. (1998)).

The methodology that we present in this paper provides a "nonparametric, structural

form" analysis. Hence, it is located between the two common but very different approaches

described above. The method is structural, because it allows one to estimate underlying

functions and distributions of key unobservable variables, in different stages of the response

process. The method is nonparametric, because it does not require specifying a-priory

parametric structures for the underlying functions and distributions. These new methods

can be used with minimal or full blown structural models, or anywhere in between.

As an example of how one can use the new methods to add a minimal amount of structure

to a reduced form model, suppose that one is interested in understanding the variation in the

response of individuals that are otherwise equal in their relevant observable characteristics.

For example, suppose that individuals are asked their perceived probability of an end-of-life

health hazard, such as needing nursing home care. Health status and family status will be

typically the observable characteristics that one may plot this answer against. However, an-

other important variable, which is unobservable but can explain the variation in the response

of individuals within a common health and family status, is the attitude of the respondent

towards living in a nursing home. Being able to identify and estimate the distribution of

attitudes towards living in a nursing home, and the variables that affect this taste distri-

bution, is very important to predict future demand for nursing homes and to measure the

well-being of nursing home users. Moreover, this distribution of attitudes towards living in

4



a nursing home will also influence the variation in the response to other related questions,

such as "Have you purchased insurance for nursing home care?" The response to the latter

question may depend on a larger set of observable and unobservable characteristics than the

former question, which may include the income and the unobservable attitude toward risk of

the respondent. Identifying the distribution of attitudes towards living in a nursing home,

from the response to the first question, will make it feasible to identify the distribution of the

unobservable attitude towards risk, from the responses to the second question. Analyzing

the latter distribution will have important implications to predict demand for various types

of insurance, and its identification will allow to pursue the identification of other important

unobservable variables as well as other further studies in which knowing this distribution is

important.

This nonparametric structural approach provides many benefits. First, it provides a

bridge among the two different methods described above, which have been used to analyze

behavior in survey response. Second, it provides more "trusted" predictions than the para-

metric analysis, because its conclusions do not depend on ad-hoc parametric specifications

for the underlying functions and distributions. Third, it provides a method to test particular

parametric assumptions, by evaluating how close the nonparametric estimates are from the

parametric ones. Fourth, it allows to infer all types of shapes for the structural anomalies,

because the underlying functions will be estimated without imposing on them particular

shapes. And, fifth, it allows one to infer the unobserved heterogeneity across otherwise

observable equal individuals, which has implications towards their heterogenous responses

in other questions and towards predicted behavior by these individuals.

Rather than looking into identification of response functions, as we do in this paper,
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one could consider estimating bounds on the functions of interest. (See Horowitz and

Manski (1995), Molinari (2005), and the other references on the survey article by Manski

(2005).) Also, the models that we consider can be interpreted as particular nonparametric

measurement error models. (See Hsiao (1989), Chesher (1991, 1998), Hausman, Newey,

Ichimura, and Powell (1991), Fan (1991), Fan and Truong (1993), the survey in Carroll,

Ruppert, Stefanski (1995), Hausman, Newey and Powell (1995), Wang and Hsiao (1995),

Lewbel (1998), Li and Vuong (1998), Hsiao and Wang (2000), Newey (2001), Li (2002),

Wang (2002), Schennach (2004, 2005), and Chen, Hong and Tamer (2005) for some nonlinear

and nonparametric methods.) Using nonparametric regressions, Bollinger (1998) analyses

measurement error in the Current Population Survey.

The outline of the paper is as follows. In the next section, we describe the model and

describe the notation. Section 3 deals with cases where the distribution of an unobservable

variable of interest is known and this variable is distributed independently of the other

variables that affect a response. Section 4 deals with cases where the distribution of the

unobservable variable of interest is unknown. We deal in this section with three cases. In

the first case, the unobservable variable of interest is distributed independently of other

variables that affect a response. We show how the response function and response errors are

identified, and describe how these can be estimated nonparametrically. In the second case,

the unobservable variable is not distributed independently of the othe variables that affect

response. We present several cases where augmenting the data in certain ways, one can

obtain a conditional independence property between the unobservable variable of interest

and those other variables. This property provides ways of identifying the response functions

and the distributions of the unobservable variables. The third case is as the second one, in
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that the unobservable variable of interest is not distributed independently of other variables

that affect response. But, unlike the second case, augmenting the data does not guarantee

a conditional independence property. We show how, nevertheless, one can identify the

response function, using an observable instrument. Section 5 provides conclusions, and

describes extensions of the methods presented in the main sections. All the proofs are

presented in the Appendix.

2. The model

Consider a situation where one is interested in inferring the true value of a latent variable, Y ∗,

such as the life expectancy a respondent thinks he has. The individual may be asked directly

to state Y ∗. He may be asked indirectly about Y ∗, like asking whether he thinks he will live

more or less than the average in some population. He may be asked about other variables

that would affect his perception of his life expectancy, like the mortality experience of his

parents. Or, he may be asked about decisions that would be affected by what he thought his

life expectancy is, such as his saving or whether he purchased life-insurance. Any of these

formats is prompt to response errors. In the next sections, we will present several methods

to estimate these errors nonparametrically, under different situations. We will denote byW

a vector of observable variables characterizing features of the design of the questions. These

could be any of the features of the survey questions that are known to affect responses, such

as any numbers in the survey indicating average responses in a population, or whether the

questions were done by internet, phone, or mail. We will denote by X a vector of observable

variables of characteristics of the respondent. In Section 3 we will consider situations where

the distribution of Y ∗ is known and Y ∗ is distributed independently of the variables X and
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W. In Section 4, we will deal with situations where the distribution of Y ∗ is unknown, and

Y ∗ is not distributed independently of (X,W ) .

3. Known distribution of the true value Y
∗

In many situations, one may be able to know the distribution of some variable of interest

but not be able to know the particular value of such variable for any particular individual.

For example, one may know the distribution of some objective measure, Y ∗, of health status

in a population. Suppose that individuals in this population are asked their health status.

Let Y denote their response. Assume that the relationship between Y and Y ∗ is given by

(3.1) Y = m (Y ∗,X,W )

where either X orW may possess no coordinates and (X,W ) is such that Y ∗ is independent

of (X,W ) . An example of such a situation is whereX contains no coordinates andW denotes

some number in the survey which may indicate to the respondent the average response, and

which varies randomly across surveys. Let FY |X,W denote the joint distribution of the

observable variables (Y,X,W ). Let FY ∗ denote the distribution of Y ∗. The following result

follows from Matzkin (2003):

Theorem 1: Suppose that Y ∗ is distributed independently of (X,W ) with an everywhere

positive, known density. Suppose also that for each (X,W ) , the function m is strictly
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increasing in Y ∗. Then, for all y∗, x, w

(3.2) m (y∗, x, w) = F−1
Y |X=x,W=w (FY ∗(y∗))

Hence, the function m is identified nonparametrically from the joint distribution of (Y,X,W ) .

Equivalently, we can state that, under the assumptions of Theorem 1, an individual that

answers Y = y when faced with (X,W ) = (x, w) has a value of the latent variable Y ∗ equal

to

y∗ = F−1
Y ∗ (FY |X=x,W=w (y))

Replacing FY |X,W (and FY ∗) by a nonparametric estimator, one can obtain from the above

equations estimators for the response function, m (y∗, x, w) , and for the value of the latent

variable of any individual, given his response, y.

The assumptions in the above model are such that there is a 1-1 relationship between

the true value, Y ∗, of the response, and the response, Y. The distributions of Y ∗ and of

Y conditional on (X,W ) allow one to determine uniquely such a 1-1 relationship. From

this, one can map any response with its true corresponding value, without any error. In

some cases, this situation may be unrealistic. The same value of the true latent variable

Y ∗ may generate different responses even from individuals that possess the same observable

characteristics, X, and are asked the same question, characterized by W. Moreover, in many

cases, such additional response error, η, is not independent of one or more of the coordinates
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of X or W. As an example, suppose that individuals are asked to respond to the question:

“What was the dollar amount of your last phone bill?” Let Y ∗ denote the true amount,

which is verifiable for some individuals. The variable η denotes the recall error, which could

depend on the time since the individual last saw the phone bill. The dependence of η on

some coordinates, X1,W1 of X and W may be modeled by specifying that

(3.3) η = v (X1,W1, δ)

where v is an unknown function that is strictly increasing in δ, and δ is an unobservable

random term that is distributed independently of (X,W, Y ∗) . W1 may denote an indicator

for whether or not the individual is asked to look at the phone bill before answering. (Either

X1 or W1 may contain no coordinates.) Partition X and W by X = (X1, X2) and W =

(W1,W2) . Suppose that the model that determines the response Y as a function of Y ∗, η, X

and W is given by

(3.4) Y = m (Y ∗ + η,X2,W2)

This can be seen as a generalization of the standard measurement error problem, where Y ∗

is observed with error η. The measurement, Y, does not need to be linear in Y ∗+ η, and this

mapping can depend on some other variables, (X2,W2) . The following theorem establishes

the identification of the functions v and m and of the distributions of δ and η, under some

assumptions.

Theorem 2: Suppose that (Y ∗, δ) is distributed independently of (X,W ) with an everywhere

positive density, δ is distributed independently of (X,W,Y ∗) with an everywhere positive un-
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known density, the function m is strictly increasing in Y ∗ + η, the function v is strictly

increasing in δ, and the distribution of Y ∗ is known and its characteristic function is every-

where different zero. Restrict the function v to satisfy at one point (x1, w1) of (X1,W1)

the condition: v (x1, w1, δ) = 0 and at another point (ex1, ew1) of (X1,W1) the condition:

v (ex1, ew1, δ) = δ. Then, the function m, the function v, and the distributions of δ and of

η conditional on (X1,W1) are identified nonparametrically from the joint distribution of

(Y,X,W ) .

In the phone bill example, where η depends either on X1, which denotes time since the

individual last saw the phone bill or on W1, which equals 0 if the individual is asked to look

at the phone bill and it equals 1 otherwise, one would naturally let ex1 = 0 and ew1 = 0. If the
function v were specified as: v(x1, w1, δ) = δx1 + δw1, then the restrictions on the function

v would be satisfied for ex1 = ew1 = 0, and for (x1, w1) = (1, 0) or (x1, w1) = (0, 1).
Theorem 2 establishes the nonparametric identification of the response error, v (x1, w1, δ) ,

and the response function m, when the distribution of the variable of interest, Y ∗ is known.

Since the proof is constructive, one can use the proof to derive nonparametric estimators for

these functions. Using similar reasonings to those used in the proof of Theorem 2, one can

establish the identification of other particular structures. Suppose for example that instead

of the model described in (2.3)-(2.4), we specify that for some unknown functions m and δ

(3.5) Y = m (Y ∗,X2,W2) η

where η is, as above, an unobservable random term whose distribution depends on (X1,W1) ,

11



so that

(3.6) η = v (X1,W1, δ)

Then, one can establish the following

Theorem 3: Suppose that (Y ∗, δ) is distributed independently of (X,W ) with an everywhere

positive density, δ is distributed independently of (X,W,Y ∗) with an everywhere positive un-

known density, the function m is strictly increasing in Y ∗, the function v is strictly increasing

in δ, and the distribution of Y ∗ is known and its characteristic function is everywhere differ-

ent from 0. Restrict the function v to satisfy at one point (x1, w1) of (X1,W1) the condition:

v (x1, w1, δ) = 1 and at another point, (ex1, ew1) of (X1,W1) the condition: v (ex1, ew1, δ) = δ

Then, the function m, the function v, and the distribution of δ and of η conditional on

(X1,W1) are identified nonparametrically from the joint distribution of (Y,X,W ) .

4. Unknown distribution of the true value Y
∗

The analysis in Section 3 rested on the assumption that the distribution of Y ∗ was known

or could be estimated. In some cases, this might not be a feasible situation. To be able

to identify the response function m and the response error v nonparametrically will require

making some additional assumptions. These may take the form of imposing additional

shape restrictions on the functions, or of making a normalization either on the function m

or on the distribution of Y ∗.
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4.1. Y ∗ independent of the observable variables

In some cases, we might be faced with a situation where one component of the response

is recalled without error, while the other is recalled with error. For example, if we ask an

individual how much he has spent in restaurants in the last month, he might be able to recall

the part of this expense that he regularly incurs in, but he will probably not recall perfectly

the irregular expenses. Let X1 denote the regular expenses, which are perfectly recalled

and let Y ∗ denote the irregular expenses. Let η denote the recall error and let Y denote the

response. Suppose that we observe or believe the number given for the regular expenses,

X1. Then, we can specify the model as

(4.1) Y = m (Y ∗ + η +X1,X2,W2) , with

(4.2) η = v (W1, δ)

The variable W1 may denote, for example, the time frame that the question refers to. We

will assume that X1 has support equal to R and that Y ∗ is distributed independently of

(X,W ) . The following theorem is proved in the Appendix.

Theorem 4: Suppose that (Y ∗, δ) is distributed independently of (X,W ) with an everywhere

positive unknown density, δ is distributed independently of (X,W, Y ∗) with an everywhere

positive unknown density, the function m is strictly increasing in Y ∗ + η, the function v is

strictly increasing in δ, and the characteristic function of Y ∗ is everywhere different from

0. Restrict the function v to satisfy at one point w1 of W1 the condition: v (w1, δ) = 0

and at another point ew1 of W1 the condition: v (ew1, δ) = δ. Restrict the function m to
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satisfy at a point
¡
t, x2, w2

¢
the restriction m

¡
t, x2, w2

¢
= α. Suppose that the distribution

of Y ∗ is unknown. Then, the function m, the function v, and the distribution of δ and

of η conditional on (X1,W1) are identified nonparametrically from the joint distribution of

(Y,X,W ) .

4.2. Y ∗ conditionally independent of the explanatory variables.

A common method used for inferring Y ∗, when Y ∗ is unknown, is to ask a question about

an indicator for Y ∗. For example, one may ask a question about the amount of life insurance

an individual has purchased, when Y ∗ is expected mortality. In such cases, the answer

will depend not only on Y ∗, but also on some observable variables, such as savings. The

assumption that Y ∗ is distributed independently of savings would not be a good assumption.

Suppose then that the model is

(4.3) Y = m (Y ∗,X)

and that Y ∗ and X are not be independently distributed. One possibility to deal with this

situation is to ask another question, whose answer is an exogenous perturbation of X, in the

sense that for some unknown function s and some unobservable ω

(4.4) X = s
³ eX,ω

´

where ω is such that ω is independent of Y ∗ conditionally on eX. For example, if X is savings

at the present time, eX might be savings in some recent time. The unobservable ω could then

represent unobservables that affectX but are independent of Y ∗ given eX, such as investment
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returns that were unexpected at the time when savings were eX. If ω can be assumed to

be independent of Y ∗ conditional on at least one value ex of eX, then, the results in Matzkin

(2004) can be directly applied to this situation to identify and nonparamerically estimate

the function m and the joint distribution of (Y ∗, X) .

If we can find an observable Z such that Z is independent of (Y ∗, ω) and

X = s (Z,ω)

for some unknown function s that is strictly increasing increasing in ω, then the results

in Imbens and Newey (2003) and in Chesher (2003) could be used to identify m and the

distribution of (Y ∗,X). In the above example, where X denotes savings, Z could denote

the price of housing.

Alternatively, we may have information about some of the determinants of Y ∗. Consider,

for example, the model where

Y = m (Y ∗ + η,X2,W2) , and

η = v (X1,W1, δ)

Suppose that for some unknown function s, some vector, Z, of observable variables, and an

unobservable variable, ξ,

Y ∗ = s (Z, ξ)

This model may describe, for example, a situation where the respondent is asked the cost

of the drugs that he has used in a number of specified last months. The respondent may
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have insurance to pay for some of those drugs, in which case he might be able to only

poorly estimate the costs of those drugs. Moreover, the larger the period over which he

has to calculate his expenses, the more likely he will forget about over-the-counter drugs

that he had bought. The true expense, Y ∗, depends on observable determinants, such

as the health conditions the respondent has been diagnosed with, and other unobservable

determinants. In this example, Z may denote those health conditions, X1 may denote the

type of prescription drug insurance that the respondent has, W1 may denote the number

of months the respondent is asked to calculate his expenses for, and (X2,W2) may denote

other characteristics of the respondent and of the question design that affect the individual’s

response.

Under assumptions similar to those made in Theorem 2, and some additional assumptions

on s and ξ, one can show that the functions m, v, and s are identified. The later set of

assumptions may be imposed on the function s, similarly to those imposed in Theorem 2 on

the function v and δ, or on the distribution of ξ. We consider the former.

Theorem 5: Suppose that (ξ, δ) is distributed independently of (X,W,Z) with an ev-

erywhere positive unknown density, δ is distributed independently of (X,W,Z, ξ) with an

everywhere positive unknown density, the function m is strictly increasing in Y ∗ + η, the

function v is strictly increasing in δ, the function s is strictly increasing in ξ, and the char-

acteristic function of ξ is everywhere different from 0. Restrict the function v to satisfy at

one point (x1, w1) of (X1,W1) the condition: v (x1, w1, δ) = 0 and at another point (ex1, ew1)
of (X1,W1) the condition: v (ex1, ew1, δ) = δ. Restrict the function s to satisfy at one point

z of Z the condition: s (z, ξ) = ξ. Restrict the function m to satisfy at one point (x2, w2)
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of (X2,W2) the condition: m (t, x2, w2) = t. Then, the functions m, v, and s as well as the

distributions of δ, η, ξ, and Y ∗ conditional on (X,W,Z) are identified nonparametrically

from the joint distribution of (Y,X,W,Z) .

In the above example, in which an individual is asked to respond about his drug expenses,

ez may denote the situation where the respondent has no health condition that requires med-
ication, and hence the drug costs are composed of sporadic costs for over-the-counter medi-

cations, the function v is the recall error function, which may equal 0 when the respondent

is asked to recall expenses incurred during a short period (w1 = 0) and when his insurance

does not pay for drugs or pays a given fixed percentage (x1 = 0).

4.3. Y ∗ not conditionally independent of the explanatory variables.

Not in all cases it is reasonable to assume that Y ∗ is conditionally independent of some

variables. In many cases, we might encounter a simultaneity situation, where some of the

observable variables, X, that determine the response, Y, together with the true value, Y ∗, are

themselves partly determined by Y. As an example, suppose that Y is the number of chronic

health problems that the respondent thinks he has, Y ∗ is the true number of chronic health

problems that he has, and X is the number of times in a year that the respondent goes to

the doctor. Disregarding design variables, W, the model for Y could then be described as

(4.3) Y = m (Y ∗,X)

17



Clearly, the number of times the respondent goes to the doctor is affected by the perceived

number of chronic conditions. Hence, it is not only the case that Y is a function of X,

but also X is a function of Y. We can deal with this situation by looking for an observable

instrument, Z that is independent of Y ∗. For example, Z might be the number of doctors in

a nearby distance from where the respondent lives. The instrument Z is independent of Y ∗

and X can be expressed as a function of Z. Since such Z allows for a simultaneity between

X and Y, we model the relationship between X and Z by

(4.4) X = s (Z, Y, ω)

for some unobservable ω. We assume that Z is distributed independently of (Y ∗, ω) , that

m is strictly increasing in Y ∗, and that s is strictly increasing in ω. Hence, letting r1 denote

the inverse of m with respect to Y ∗, and letting m2 denote the inverse of s with respect to

ω, it follows that

Y ∗ = r1 (Y,X)

ω = r2 (Y,X,Z)

The nonparametric identification of the functions r1 and r2 as well as of the distribution of

(Y ∗, ω) can be analyzed by specializing the results in Matzkin (2005a). Consider a set of

functions (er1, er2) to which (r1, r2) belong. We will make use of the following assumption.

Assumption A: All the observable and unobservable variables have differentiable and

everywhere positive densities. The functions er1 and er2 are continuously differentiable. For
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all y, x, z, the determinant of the matrix

 ∂er1(y,x)
∂y

∂er1(y,x)
∂x

∂er2(y,x,z)
∂y

∂er2(y,x,z)
∂x


is 1. For all y, x, z, ∂er2(y, x, z)/∂z 6= 0. For all er1 6= r1, there exists (y, x, z) such that

∂r1(y,x)
∂x

∂r1(y,x)
∂y

6=
∂er1(y,x)

∂x
∂er1(y,x)

∂y

,

∂fY ∗,ω (r1(y, x), r2 (y, x, z)) /∂Y
∗ 6= 0 and ∂fY ∗,ω (r1(y, x), r2 (y, x, z)) /∂ω = 0.

The following theorem establishes the identification of the function r. Estimation of these

functions can be performed along the lines in Matzkin (2005b)

Theorem 6: Suppose that (er1, er2) and (r1, r2) satisfy Assumption A. Suppose that er1 6= r1.

Then, (er1, er2) and any distribution of (Y ∗, ω) that is independent of Z cannot generate the

same distribution of the observable variables as (r1, r2) and FY ∗,ω do.

5. Extensions

The results that have been presented in the previous sections can be extended to analyze

models with nested response errors and models where the responses are discrete.

Answering a survey question involves the stage of comprehension of the question, the stage

of retrieving and assembling relevant information, the stage of filtering the information, and

the stage of actually responding to the question with an answer which may or may not be
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the one that the respondent have come up with prior to responding (see Tourangeau, Rips,

and Rasinski (2000)). Each of these stages adds a level of noise to the response, which will

typically be different across respondents. Variation in the noise may depend on observable

characteristics, but, it will typically also depend on unobservable characteristics. The design

of the survey and of the particular question being asked add additional layers of possible

noise, which interact and affect the magnitudes of the processing noise. A model that allows

for all these errors at the different stages may take, for example, the form

Y = m (s ((v (δ3, X3,W3) + δ2) , X2,W2) + δ1, X1,W1)

or the form

Y = m (s (X2,W2, δ2) + v (X3,W3, δ3) + δ1, X1,W1) .

The identification and estimation of the unknown functions and distributions in these models

can be achieved by following a similar analysis to that described in the previous sections.

Discrete responses are also very common. Some questions ask for a 0 or 1 answer. Some

respondents prefer not to answer some questions. The identification and estimation of such

models can be performed also by extending the above results. Consider for example a

situation where an individual is asked whether he thinks that the probability that he will

ever need a nursing home is above or below .5. The individual may first decide whether

to answer the question. Let R = 1 if he answers and R = 0 otherwise. The individual

may decide not to answer the question if he does not have any good information about

the matter, or he has not thought about it in the past. Some of the variables affecting

this behavior may be observable and some may be unobservable. Suppose, in particular,

20



that R is an indicator for the event X2 + v(X1,W, η) ≥ εR, where X1, X2, and W are

observable, η and εR are unobservable, X2 is distributed independently of (X1,W, η, εR) ,

εR is distributed independently of (X1, X2,W, η) , and the value of v is known at one point.

(This setup generalizes a model of discrete response to survey treatments X1 analyzed by

McFadden (1994).) Using the results in Matzkin (1993, 1994), one can show that from

the observable distribution of (R,X1, X2,W ) one can infer the distribution of the latent

variable V = v(X1,W, η) conditional on (X1,W ). This brings one back to the situation

where a response V is observable given observable characteristics, (X1,W ) . The estimation

methods described above can be used then to identify the function V and the distribution

of η, conditional and unconditional on (X1,W1).

Next, let Z = 1 if the response is that the probability is above .5; Z = 0 otherwise.

Suppose that Z = 1 if eX2 + r( eX1,fW,η) ≥ εZ , where the assumptions on the observable

variables, eX1, eX2, and fW, the unobservable variables, η and εZ, and the function r are

similar to those described above in the model that determines R. Since in this case Z is

observed only for the individuals for which R = 1, one cannot use the same analysis as

above. It is first necessary to identify the joint distribution of (ε1, ε2) . This can be done

using the expression

Pr(R = 1, Z = 1|X,W, eX,fW,η) = FεR,εZ

³
X2 + v(X1,W, η), eX2 + r( eX1,fW,η)

´

with enough independence, and the fact that the function v and the distribution of η are

identified in the first step. These together with a normalization such as r(ex∗1, ew∗, η) constant
for all η, guarantee identification of all the elements in the model. (See Briesch, Chintagunta,
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and Matzkin (2005) and Matzkin (2005a, 2005b).)

6. Appendix

Proof of Theorem 1: By independence between Y ∗ and (X,W ) and strict monotonicity,

it follows that for all (x, w)

FY ∗ (y∗) = Pr (Y ∗ ≤ y∗) = Pr (Y ∗ ≤ y∗|X = x,W = w)

= Pr (m (Y ∗,X,W ) ≤ m (y∗, x, w) |X = x,W = w)

= FY |(X,W )=(x,w) (m (y
∗, x, w))

Since the assumptions imply that FY |(X,W )=(x,w) is strictly increasing, it follows that

m (y∗, x, w) = F−1
Y |X=x,W=w (FY ∗(y∗))

Hence, m is identified

Proof of Theorem 2: Since (Y ∗, δ) is distributed independently of (X,W ) , Y ∗ is dis-

tributed independently of (X2,W2) conditional on any values of (X1,W1) , Y
∗ + δ is dis-

tributed independently of (X2,W2) conditional on any values of (X1,W1) , and Y ∗ + η =

Y ∗ + v (X1,W1, δ) is distributed independently of (X2,W2) conditional on any values of

(X1,W1) . Moreover, when (X1,W1) = (x1, w1) , η = v (x1, w1, δ) = 0 and Y ∗ + η = Y ∗; and
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when (X1,W1) = (ex1, ew1) , η = v (ex1, ew1, δ) = δ and Y ∗+η = Y ∗+δ. Hence, for any (x2, w2)

(T2.1) FY ∗(y∗)

= FY ∗+η(y
∗| (X1,W1) = (x1, w1))

= FY ∗+η (y
∗| (X1,W1) = (x1, w1) , (X2,W2) = (x2, w2))

= Pr (Y ∗ + η ≤ y∗| (X1,W1) = (x1, w1) , (X2,W2) = (x2, w2))

= Pr (m (Y ∗ + η,X2,W2) ≤ m (y∗, x2, w2) | (X1,W1) = (x1, w1) , (X2,W2) = (x2, w2))

= FY |X=(x1,x2),W=(w1,w2) (m (y
∗, x2, w2))

Since our assumptions imply that FY |X=(x1,x2),W=(w1,w2) is invertible, this implies that for any

t and any (x2, w2)

(T2.2) m (t, x2, w2) = F−1
Y |X=(x1,x2),W=(w1,w2)

(FY ∗(t))

Hence, m is identified nonparametrically.

Using a similar reasoning as above, we get that for any (x2, w2)

(T2.3) FY ∗+δ(y
∗ + δ)

= FY ∗+η(y
∗ + δ| (X1,W1) = (ex1, ew1))

= FY ∗+η (y
∗ + δ| (X1,W1) = (ex1, ew1) , (X2,W2) = (x2, w2))

= Pr (Y ∗ + η ≤ y∗ + δ| (X1,W1) = (ex1, ew1) , (X2,W2) = (x2, w2))

= Pr (m (Y ∗ + η,X2,W2) ≤ m (y∗ + δ, x2, w2) | (X1,W1) = (ex1, ew1) , (X2,W2) = (x2, w2))

= FY |X=(ex1,x2),W=( ew1,w2) (m (y∗ + δ, x2, w2))
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Using (T2.1), this implies that

FY ∗+δ(y
∗ + δ) = FY |X=(ex1,x2),W=( ew1,w2)

³
F−1
Y |X=(x1,x2),W=(w1,w2)

(FY ∗(y∗ + δ))
´

Hence, for any t

(T2.4) FY ∗+δ(t) = FY |X=(ex1,x2),W=( ew1,w2)
³
F−1
Y |X=(x1,x2),W=(w1,w2)

(FY ∗(t))
´

This implies that the distribution of Y ∗ + δ is identified. Since, by assumption, the distri-

bution of Y ∗ is known, one can obtain the distribution of δ by deconvolution. Hence, the

distribution of δ is identified.

Next, we derive an expression for the distribution of Y ∗+η conditional on any (X1,W1) .

Similarly to above,

(T2.5) FY ∗+η|(X1,W1)=(x1,w1)(y
∗ + η)

= FY ∗+η (y
∗ + η| (X1,W1) = (x1, w1) , (X2,W2) = (x2, w2))

= Pr (Y ∗ + η ≤ y∗ + η| (X1,W1) = (x1, w1) , (X2,W2) = (x2, w2))

= Pr (m (Y ∗ + η,X2,W2) ≤ m (y∗ + η, x2, w2) | (X1,W1) = (x1, w1) , (X2,W2) = (x2, w2))

= FY |X=(x1,x2),W=(w1,w2) (m (y
∗ + η, x2, w2))

= FY |X=(x1,x2),W=(w1,w2)

³
F−1
Y |X=(x1,x2),W=(w1,w2)

(FY ∗(y∗ + η))
´

where the last equality follows by (T2.2). Hence, for any t and any (x1, w1) ,

(T2.6) FY ∗+η|(X1,W1)=(x1,w1)(t) = FY |X=(x1,x2),W=(w1,w2)

³
F−1
Y |X=(x1,x2),W=(w1,w2)

(FY ∗(t))
´
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This implies that the distribution of Y ∗ + η conditional on (X1,W1) = (x1, w1) is identified.

Since, by our assumptions, Y ∗ is distributed independently of η conditional on (X1,W1) ,

Y ∗ is distributed independently of (X1,W1) , and the distribution of Y ∗ is known, we can

get from the distribution of Y ∗+ η conditional on (X1,W1) the distribution of η conditional

on (X1,W1), by deconvolution. Hence, the distribution of η conditional on (X1,W1) is

identified.

Last, to show that the function v is identified, we use the strictly monotonicity of v in

δ and the independence between δ and (X1,W1) , to establish as in the proof of Theorem 1

that for any t and any (x1, w1)

Fδ (t) = Fη|(X1,W1)=(x1,w1) (v (x1, w1, t))

This implies that

(T2.7) v (x1, w1, t) = F−1
η|(X1,W1)=(x1,w1)

(Fδ (t)) .

Since Fδ and Fη|(X1,W1)=(x1,w1) are identified, v is identified. This completes the proof.

Proof of Theorem 3: Denote by Y1 the value of m (Y ∗, X2,W2) . Then, Y = Y1η, and by

our assumptions, Y1 and η are independently distributed conditional on (X,W ) . Moreover,
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when (X1,W1) = (x1, w1) , Y = Y1. Hence, for any y, x2, w2

FY |X=(x1,x2),W=(w1,W )(y)

= FY1|X=(x1,x2),W=(w1,W ) (y)

= Pr (Y1 ≤ y|X = (x1, x2) ,W = (w1, w2))

= Pr (m (Y ∗,X2,W2) ≤ y|X = (x1, x2) ,W = (w1, w2))

= Pr
¡
Y ∗ ≤ m−1 (y, x2, w2) |X = (x1, x2) ,W = (w1, w2)

¢
= FY ∗

¡
m−1 (y, x2, w2)

¢

where m−1 denotes the inverse of m with respect to its first coordinate, and where the last

equality follows because Y ∗ is distributed independently of (X,W ) . It follows that for any t

m (t, x2, w2) = F−1
Y |X=(x1,x2),W=(w1,W ) (FY ∗(t))

Hence, m is identified.

Denote ln(Y ) by eY , ln(η) by eη, and ln (Y1) by eY1. Then, eY = eY1 + eη, the distribution of
eY conditional on (X,W ) is known, and, for any (x, w) , the distribution of eY1 conditional on
(X,W ) is also known since for any t

Pr
³eY1 ≤ t|X = x,W = w

´
= Pr

³eY1 ≤ t|X = (x1, x2) ,W = (w1, w2)
´

= Pr
³eY ≤ t|X = (x1, x2) ,W = (w1, w2)

´
= FeY |X=(x1,x2),W=(w1,w2)

(t)
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Moreover, by our assumptions, for any (x, w) , eY1 and η are distributed independently, condi-
tional on (X,W ) = (x, w) . Hence, from the distribution of eY conditional on (X,W ) = (x, w)

and the distribution of eY1 conditional on (X,W ) = (x,w) , one can obtain the distribution

of eη conditional on (X,W ) = (x, w) , by deconvolution. Hence, the distribution of η given

(X,W ) = (x,w) is identified. From this distribution, one can identify the function v and

the distribution of δ, using the assumption that v (ex1, ew1, δ) = δ, as in Matzkin (2003).

Specifically, for any t

Fδ(t) = Fη|(X1,W1)=(ex1, ew1)(t)

and for any t, x1, w1

v (x1, w1, t) = F−1
η|(X1,W1)=(x1,w1)

¡
Fη|(X1,W1)=(ex1, ew1)(t)¢

Proof of Theorem 4: Following a reasoning similar to that used in the proof of Theorem

2, one can show that

FY ∗(y∗)

= FY ∗+η(y
∗|W1 = w1)

= FY ∗+η

¡
y∗|W1 = w1, (X1,X2,W2) =

¡
t− y∗, x2, w2

¢¢
= Pr

¡
Y ∗ + η ≤ y∗|W1 = w1, (X1,X2,W2) =

¡
t− y∗, x2, w2

¢¢
= Pr

¡
m (Y ∗ + η +X1, X2,W2) ≤ m

¡
t, x2, w2

¢ |W1 = w1, (X1, X2,W2) =
¡
t− y∗, x2, w2

¢¢
= F

Y |X=(t−y∗,x2),W=(w1,w2)

¡
m
¡
t− y∗, x2, w2

¢¢
= F

Y |X=(t−y∗,x2),W=(w1,w2)
(α)
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where the last equality follows by the restriction that m
¡
t, x2, w2

¢
= α. Hence, the distribu-

tion of Y ∗ is identified. The function m is identified because then, for any (t, x1, x2, w2) ,

m (t, x2, w2) = F−1
Y |X=(x1,x2),W=(w1,w2)

(FY ∗(t− x1))

= F−1
Y |X=(x1,x2),W=(w1,w2)

³
F
Y |X=(t−t+x1,x2),W=(w1,w2)

(α))
´

The rest follows very closely the proof of Theorem 2, and is therefore omitted.

Proof of Theorem 5: Following arguments as in the proof of Theorem 2, we have

that since (ξ, δ) is distributed independently of (X,W,Z) , ξ is distributed independently

of (X2,W2, Z) conditional on any values of (X1,W1) , ξ + δ is distributed independently of

(X2,W2, Z) conditional on any values of (X1,W1) , and Y ∗+η = s (Z, ξ)+v (X1,W1, δ) is dis-

tributed independently of (X2,W2) conditional on any values of (X1,W1, Z) .Moreover, when

(X1,W1, Z) = (x1, w1, z) , Y
∗ + η = ξ; and when (X1,W1) = (ex1, ew1) , η = v (ex1, ew1, δ) = δ

and Y ∗ + η = Y ∗ + δ. Hence, for any e and (x2, w2)

(T5.1) Fξ(e)

= Fξ|X=(x1,x2),W=(w1,w2),Z=z(e)

= FY ∗+η|X=(x1,x2),W=(w1,w2),Z=z(e)

= Pr (Y ∗ + η ≤ e| (X1,W1, Z) = (x1, w1, z) , (X2,W2) = (x2, w2))

= Pr (m (Y ∗ + η,X2,W2) ≤ m (e, x2, w2) | (X1,W1, Z) = (x1, w1, z) , (X2,W2) = (x2, w2))

= FY |X=(x1,x2),W=(w1,w2),Z=z (m (e, x2, w2))
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Since for all t, m (t, x2, w2) = t

(T5.2) Fξ(e) = FY |X=(x1,x2),W=(w1,w2),Z=z (e)

Hence, Fξ is identified. Using this in (T5.1), we get that

FY |X=(x1,x2),W=(w1,w2),Z=z (e) = FY |X=(x1,x2),W=(w1,w2),Z=z (m (e, x2, w2))

Since our assumption imply that FY |X=(x1,x2),W=(w1,w2),,Z=z is invertible, this implies that for

any t and any (x2, w2)

(T5.3) m (t, x2, w2) = F−1
Y |X=(x1,x2),W=(w1,w2),Z=z

¡
FY |X=(x1,x2),W=(w1,w2),Z=z (t)

¢

Hence, m is identified nonparametrically.

Using a similar reasoning as in (T5.1), we get that for any (x2, w2) and any z

(T5.4) Fξ(e)

= Fξ|X=(x1,x2),W=(w1,w2),Z=z(e)

= FY |X=(x1,x2),W=(w1,w2),Z=z(s (z, e))

Equation (T5.2) together with the strict monotonicity of FY ∗|X=(x1,x2),W=(w1,w2),Z=z imply

then that

(T5.5) s (z, e) = F−1
Y |X=(x1,x2),W=(w1,w2),Z=z

¡
FY |X=(x1,x2),W=(w1,w2),Z=z (e)

¢
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Hence, the function s is identified. Since the distribution of ξ is also identified, this implies

that the distribution of Y ∗ conditional on Z is also identified.

The distribution of δ is identified because for any t

Fξ+δ(t)

= FY |(X1,W1)=(ex1, ew1),(X2,W2)=(x2,w2),Z=z(m (t, x2, w2))

Hence, using (T5.3), it follows that for any x2, w2

Fξ+δ(t) = FY |(X1,W1)=(ex1, ew1),(X2,W2)=(x2,w2),Z=z(F
−1
Y |X=(x1,x2),W=(w1,w2),Z=z

¡
FY |X=(x1,x2),W=(w1,w2),Z=z (t)

¢
)

This implies that the distribution of ξ + δ is identified. Hence, by deconvolution, we can

obtain the distribution of δ, using the already identified distribution of ξ.

The distribution of η conditional on (X1,W1) is identified because for any t, x2, w2

Fξ+η|(X1,W1)=(x1,w1)(t)

= (X1,W1) = (x1, w1) , (X2,W2) = (x2, w2) , Z = z

= FY |(X1,W1)=(x1,w1),(X2,W2)=(x2,w2),Z=z(m (t, x2, w2))

= FY |(X1,W1)=(x1,w1),(X2,W2)=(x2,w2),Z=z(F
−1
Y |X=(x1,x2),W=(w1,w2),Z=z

¡
FY |X=(x1,x2),W=(w1,w2),Z=z (t)

¢
)

Hence, since the distribution of ξ is known, and ξ is distributed independently of (X1,W1) ,

the distribution of η conditional on (X1,W1) is identified. From this conditional distribution
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and the distribution of δ, we can identify v (x1, w1, δ) , by the arguments in Theorem 1, as

v (x1, w1, δ) = F−1
η|(X1,W1)=(x1,w1)

(Fδ(δ))

This completes the proof.

Proof of Theorem 6: Assumption A implies that Assumption 2.1 in Matzkin (2005a) is

satisfied. Consider the matrix

A =


∂r1(y,x)

∂y

∂r1(y,x)
∂x

0

∂er1(y,x)
∂y

∂er1(y,x)
∂x

0

∂er2(y,x,z)
∂y

∂er2(y,x,z)
∂x

∂er2(y,x,z)
∂z


The restrictions that ∂er2(y, x, z)/∂z 6= 0 and that the ratio of the derivatives of r1 is different
than the ratio of the derivatives of r2 imply that the determinant of this matrix is different

from 0 at (y, x, z). The assumption on the determinant implies that

∂ log
¯̄̄
∂r(y,x,z)

∂y

¯̄̄
∂y

−
∂ log

¯̄̄
∂er(y,x,z)

∂y

¯̄̄
∂y

=
∂ log

¯̄̄
∂r(y,x,z)

∂y

¯̄̄
∂x

−
∂ log

¯̄̄
∂er(y,x,z)

∂y

¯̄̄
∂x

=
∂ log

¯̄̄
∂r(y,x,z)

∂y

¯̄̄
∂z

−
∂ log

¯̄̄
∂er(y,x,z)

∂y

¯̄̄
∂z

= 0

These, together with the assumption on the derivative of fY ∗,ω imply that Condition 4.1 in

Matzkin (2005a) is satisfied. Lemma 4.2 in Matzkin (2005b) imply then that (er1, er2) is not
observationally equivalent to (r1, r2) . Hence, by the definition of observational equivalence,

the result follows.
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